LESSON 11

Regular Polygons

Polygons - The word polygon comes from two Greek words: “polus” meaning
many and “gonia” meaning angles. It literally means many angles. It is also defined
in general terms as a closed curve. There are two kinds of closed curves: concave

and convex. Concave shapes have “caves.” In this book, we will be studying convex

polygons.

Figure 1

cave

concave convex

Regular Polygons - Any polygon with all sides congruent and all angles con-
gruent is referred to as a regular polygon. In this course, when a polygon is consid-
ered, it will be a regular polygon.

Interior Angles - To find the measure of each angle in a regular polygon, find
the total number of degrees of the interior angles and divide this by the number of
angles. We know the number of degrees in a triangle is 180°. If it is an equilateral,

cquiangular triangle (regular polygon with three sides), then each angle would be

180° divided by 3, or 60°.
A square can be made into two triangles by draw-

Figure 2 k ing one diagonal (a Iine' conne_cting 'Ewo vertices).
)/ 180° The measure of each triangle is 180 . Therefore,
180° the total number of degrees in a square is 360°.
3;\ Of course, we know this because we know a square

has four right angles, or 4 x 90°, or 360°.
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Notice that we wouldn’t want another diagonal that would create four tri-
angles (4 x 180° = 720°), because we want only the measure of the angles on the

square, and not all of those inside as well.

Figure 3

Py

The angles without slashes are not
on the outside of the polygon and
should not be counted.

Kinds of Polygons - Some of the more common convex polygons are quad-

rilateral, pentagon, hexagon, octagon, decagon, and dodecagon. A decagon has 10
sides and a dodecagon has 12 sides. Under the broad term of quadrilateral, we find
rectangle, square, parallelogram, rhombus, and trapezoid. Of the different quad- #
rilaterals, the polygon that has all four sides congruent and all four angles congru- :

ent is the square.

Figure 4
Pentagon Hexagon Octagon
penta (five) hexa (six) octo (eight)
gon (angle) gon (angle) gon (angle)
Figure 5 180°
180°
180°

In a pentagon, we can draw two diagonals to make the three triangles. So we
have 3 x 180°, or 540°. Since there are five interior angles, 540° + 5 = 108° per

angle.
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Figure 6 180°
180°

180°

180°

In a hexagon, we can draw three diagonals to make the four triangles. So we
have 4 x 180°, or 720°. Since there are six interior angles, 720° + 6 = 120° per
angle.

Notice the relationship between the number of sides and the number of

triangles:

Shape Sides Triangles
1

triangle

square

hexagon

3
4
pentagon 5
6
8

octagon

O O\ W W N

decagon 10

You can see that the number of sides, minus two, equals the number of trian-
gles. Multiplying the number of triangles by 180° gives us the total degrees in the
polygon. So our formula is (N - 2) x 180°, where N = Number of sides. We would
expect the total number of degrees of an octagon to be (8 - 2) x 180°, or 1,080°.
Each individual angle in an octagon would be 1,080° divided by 8, or 135°.

(N - 2) x 180° = Total Degrees

Exterior Angles - Up till now, we've been calculating the measure of the in-
terior angles only. But each of these shapes also has exterior angles, which can be
drawn by extending each of the line segments. Since the interior angles of an equi-
lateral triangle are each 60°, and the exterior angles are supplementary, then the

three exterior angles are each 120 therefore the three exterior angles add up to

360° (3 x 120°).
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Figure 7 120°
60°

120°/60° 60°
120°

Since each of the interior angles of a pentagon is 108° then each of the
supplementary exterior angles is 72°. The five exterior angles add up to 360°
(5x72°).

Figure 8

If each of the interior angles of a square is 90°, then each of the supplementa-
ry exterior angles is 90°. So the four exterior angles add up to 360° (4x90°).

Figure 9
g 90°

90°

90"

90°

Exterior angles always add up to 360°. Knowing this, you can think converse-
ly to find the measure of each interior angle. In an octagon, the eight exterior
angles would add up to 360°. Each exterior angle would be 360° + 8. or 45°. Each
interior angle would be supplementary to an exterior angle with measure 45°:
INT + EXT = 180° and INT + 45° = 180, so the measure of each interior angle
is 135°.

Figure 10
45°

457
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Geometry of a Circle, Sphere, and Ellipse

Inscribed and Circumscribed Figures

Circle - Picture a nail, a piece of string, and a pencil. If you were to tie the string to
the nail at one end and the pencil to the other, and then move the pencil around
the nail with the string stretched taut, you would be drawing a circle. The length
of the string would be the 7adius. The nail would be at the cenzer. We might define
a circle as a set of points (pencil marks) an equal distance (length of string) from

the center point (location of the nail). See figure 1.

di
Figure 1 s

center of the circle

Measures of a Circle - There is a difference between the set of points that are on
the circle and the space inside the circle. To keep a clear distinction, we'll call the
set of points drawn by the pencil the circumference of the circle, and the interior
of this closed curve the area of the circle. The circumference and the area togeth-
er we'll refer to as “the circle”

circumference

Figure 2 :
9 area of the circle
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Line Segments of a Circle - A chord is a line segment drawn between two
points on the circumference of the circle. If the chord goes through the center of
the circle, it is called the diameter. The diameter is the longest possible chord in a
circle. The radius, which is the distance from the center, is one half the length of

the diameter.
chord

Figure 3 ragius

diameter

Lines of a Circle - A line that intersects the circumference of the circle at ex-
actly one point is called a fangent. From this point of intersection to the center of
the circle is the radius. At this point of intersection, the radius is perpendicular to
the tangent. A line that intersects a circle in two points is called a secanz. A secant
is similar to a chord except a chord is a line segment, whereas a secant is a line. As
such, a secant contains a chord.

tangent

Figure 4 /—

\ secant

Pieces of a Circle - A circle has 360°. Think of the circle as a pie. If you wanted
a picce of the pie, you’d measure it by degrees. Your chunk of pie would be a chunk
of the area of the circle that is called a seczor. A 90° sector looks like this:

Figure 5
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Inscribed and Circumscribed Figures - In figure 11, polygon PLYG is inside

the circle, and we say it is izscribed inside the circle. To be inscribed, all the points,
or vertices, of the polygon must lie on the circle. The circle, on the other hand, is
around the polygon, and we say the circle is circumscribed around the polygon. In
figure 12, the circle is inscribed inside the square, while the square is circumscribed

around the circle.

Figure 11 i Figure 12

Inscribed Angles - In figure 13, triangle DEF is equilateral and equiangular.
The measure of ZDFE is 60°. Notice that the measure of arc DE is one-third of the
circle, or 1/3 of 360°, which is 120°. What we observe is that the measure of an i7-
scribed angle (Z/DFE) is one-half the measure of the intercepted arc (DE).

Figure 13 Figure 14
& Q

In figure 14, the measure of the inscribed ZQRS is 48°. The measure of the inter-
cepted arc QS is two times 48°, or 96°.
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Area of a Circle and an Ellipse

Circumference of a Circle; Latitude and Longitude

Area - The formula for the area of a circle is tr?. To help us remember the formula
and understand where it originates, look at the picture of thecircle inside the square
(figure 1). Whenever finding area, remember the made-up word “SQUAREA.” It

reminds you that area is always given in square units:
SQUARE + AREA = SQUAREA.

The area of the circle is a little more than the area of three of the squares with

sides of length r and area 2. The value of Tt is a little more than three, or approxi-

mately 3.14.
r
Figure 1 d 2|
.
-
\ r
Example 1
The area of this circle is (3.14) (5")(5")= 78.5 in?
2
T r
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Example 2 In this circle the diameter is given, so
we first cut it in half to get a radius of
5', then square the 5 and multiply by

3.14 to get 78.5 ft°.

(3.14)(5')(5") = 78.5 ft2

Circumference - The perimeter of a circle is called the circumference. To find
the circumference of a circle, multiply 7 by the diameter (nd), or multiply 7 by the
radius times two (27r), which is the same thing.

The letter » stands for radius and 7 is a Greek letter representing approximate-
ly 22/7, or 3.1415927. ..

In our problems, we will round 7 to the hundredths place and use 3.14.
Sometimes, depending on the problem, it may be more convenient to use 22/7.

Example 3 Example 4

C=2rr=3.14x2 x6'=37.68' C=nd=3.14 x 11" = 34.54"
Here we are given the radius, so Notice the answers to both
we double it to get the diameter. problems are in feet and inches

and are not squared; this is
linear measure, used for perime-
ter and circumference.

Latitude - Since circumference and area are review topics for many of the stu-
dents, this lesson also teaches students to read latitude and longitude. Latitude is
the measure given in degrees for the distance north and south from the equator.
To help me distinguish this from longitude, I remember “FLATitude,” as the cir-

cles that measure latitude are horizontal, or flat.
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60 minutes (60') and each minute into 60 seconds (60"). New Orleans is almost
exactly 30°N (starting at the equator) and 90°W (starting at the prime meridian).
A more accurate position is 29°58'N, 90°07'W/, which is read as “twenty-nine de-
grees fifty-eight minutes north (latitude) and ninety degrees seven minutes west

(longitude).”

Ellipse - An ellipse looks like an elongated circle. It is the path of a planet in
the solar system. You can draw an ellipse by choosing two stationary points rep-
resented by nails, and a length of string longer than the distance between the
points. If we were drawing a circle, we would need only one point (the center),
and a length of string, but an ellipse has two points called “foci” (the plural of
“focus”).

Figure 5 Figure 6

If you put your pencil against the string and move it around the nails, the
shape drawn by the pencil will be an ellipse as in figure 6. Because the string has a
constant length, we can say that the distances from each focus to a point on the el-
lipse add up to the same constant length.

Notice also that if a sound or ray of light emanates from one focus, it “bounces
oft” or is reflected off, the ellipse and arrives at the other focus. This is important
in acoustics.
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Area of an Ellipse - If an cllipsc is drawn on the XY coordinates as in figure

7, then the long, or major, axis would be on the X-axis, and the short, or minor,
axis would be on the Y-axis. To find the area of an ellipse, multiply half the length
of the short axis times half the length of the long axis times pi (7).

. Y
Figure 7

= A
;
! 4 4
“ - - X
‘ 3

major,, minor .
(———2 )(—2 ) ©
Y &S n =121

272
Area = (3)(4)(n) = (12)(3.14) = 37.68 units®

Finding the area of an ellipse is very similar to finding the area of a circle.
However, there is no formula for the distance around an ellipse comparable to

that for the circumference of a circle.
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Volume of Rectangular Solid and Cylinder

The formula for most volume problems, whether for a cube, a rectangular
solid, or a cylinder, is area of the base times the height. To distinguish the volume
formula from the area of a rectangle or parallelogram, use a capital B for area of

the Base (V = Bh). To find the area of a rectangle or a parallelogram, use a lower-

case b. for the base (A = bh).

Volume of a Rectangular Solid - In this lesson, there are new terms that are used
to define the shapes. In figure 1, the flat surface rectangles that make up the rect-
angular solid are called fzces. The lines where the faces meet are called edges, and
the points where the edges meet are called vertices. This solid has six faces, twelve

edges, and eight vertices.

Figure 1

et

e
Pl
P

i BENENRY

L

3

In figure 1, the area of the Base (or basement, if you picture a hotel) is 3 x 4, or
12 (rooms in the basement). The height (or number of floors) is four. The answer

is expressed as units cubed, or cubic units.

V =Bh
V = 12 x 4 = 48 cubic units (units’)
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Volume of a Cube - A cube is a rectangular solid with all edges the same length,
or all the faces squares. You find the volume of a cube with the same formula as a

rectangular solid.

Example 1 3
5
3
V = Bh
V=(3x3)x3
V = 27 units3

Volume of a Cylinder - What is unique about the area of the base of a cyl-
inder is that it is a circle, and therefore the formula for the area of the base is e,
When you find the area of the base, multiply it by the height to find the volume:
Y. Bh,

I like to think of finding the volume of a cylinder as finding how many pineap-

ple rings are in a can. First you find the area of one pineapple ring (mr?), and then

| multiply this by the number of pineapple rings (height).

Example 2 o
==
Find the volume of the cylinder.
Volume = Tir® x h 20"
= (3.14)(9%) x 21
=5,341.14 cubic inches (in3) Sl

72 LESSON 14 - VOLUME OF RECTANGULAR SOLID AND CYLINDER




Example 3:

Find the volume of the cylinder.

2"

Volume = 1 X h
=(3.19(2%) x 6

= 75.36 in>
Example 4:
ﬁ Find the volume of the cylinder.
23 3!
t
7' Volume = Ttr? x h
=(3.14)(3%) x 7

: =197.82 ft3

Example 5:

Find the volume of the cylinder.
g 16"
23" Volume = Ttr2 x h
= (3.14)(16%) x 23
=18,488.32 in?
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Volume: Pyramid, Cone, Prism, and Sphere

Volume Ofﬂ Pymmid and Cone - A pyramid has three or four triangular faces,
depending on how many sides in the base. In most of our work, we'll be using pyr-
amids with square bases and four triangular faces. The height of the pyramid itself
is the altitude. The height of a single face is the slant height. The point where the
faces meet on top is the vertex. The volume of a pyramid or a cone is found by mul-

tiplying B (area of base) times the height (altitude) times one-third:

V=1/3Bh.
vertex
altitude lant height
Figure 1 ke
base h \% ek
height
Figure 2
-

- VOLUME: PYRAMID, CONE, PRISM, AND SPHERE - LESSON 15 75



76

Example 1

Find the volume of the pyramid with a square base.

V=1/3 Bh
V=1/3(5 x5)3)
V=25in3

Example 2

Find the volume of the cone.

V.=:1./3.Bh
V = 1/3 (3.14)(7%)(8)
V =410.29 in3

Volume of a Prism - A prism has lateral surfaces which are parallelograms
and two parallel bases that are also congruent. If the lateral surfaces are perpendic-
ular to the bases, the prism is called a right prism. The formula for the volume of
a prism is like the formula for the volume of a cylinder: B (area of base) times the
height (of the lateral side). In this case the base is a triangle, but it could be a rect-
angle or other polygon.

Figure 3
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Example 3
Find the volume of the prism.

7l
[ V = Bh
V= (1/2)(4)(7)(9)*
V=126 ft3

*Area of the Base is the area
of a triangle or 1/2 bh.

Volume ofd Sphere - A three-dimensional circle is a sphere. The volume ofa

sphere is 4/3 mr’. The radius goes from the center of the ball to the surface.

Example 4
Find the volume of the sphere.

V= 4/3 1tr°

V= (4/3)3.14)3)3
V=(4/3)(3.14)(27)

V=113.04 ft3
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LESSON 16

Surface Area of Solids

Surface Area of Rectangular Solid and Cube - Surface area is the combined area
of the outside surfaces of a three-dimensional shape. Take the example of a card-
board box: the surface area of the box is the area of all the sides of the box, includ-
ing the top and bottom, added together. Surface area differs from volume, which
describes in cubic units the amount of space contained inside the box. Surface
area is measured in square units. Take apart the box and see how much cardboard
makes up the surface area of the box.

Another good way to explain surface area is to observe the room you are in.
Count the walls (four) then add the ceiling and floor (two) to get the total number

(six) of flat surfaces in the room. In a rectangular solid, these flat surfaces are called

Jaces. A cube, which is a rectangular solid with all the sides the same length or a

three-dimensional square, also has six faces.

2'
Example 1 3.6
:
3 = 5]l10]15 1015 |5
5' . . .
2! 2 3 & 3

Surface Area =
10 +10 +15 +15 + 6 + 6 = 62 ft2
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Surface Area ofa P_ymmid - If the base of a pyramid is a square or a rectan-
gle, the pyramid has five flat surfaces. If the base is a triangle, the pyramid has four

surfaces. Finding surface area is finding the area of each of the surfaces or faces, and

then adding them together.

Example 2

6

6

-
6 5 6 -
5 0 ’
> 5

6

Each of the four triangles is 15 square units (5 x 6 x 1/2),
and the base is 25 square units (5 x 5).

Surface Area =
[(5x6)x1/2]x4+(5x05)=
85 units?

Surface Area of a Cylinder - To find the surface area of a cylinder, find the
area of the two bases and add the total to the area of the side. The bases are circles.
Picture the area of the side of the cylinder as a rolled up piece of paper that when

unrolled becomes a rectangle. One side of the rectangle is the height, and the other

is the same as the circumference of the base of the circle.
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Rectangular
Pyramid
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| Radicals

Adding and Subtracting Radicals - You can only add or combine two things if
. theyare the samekind. J9is the same as three because the square root of nne is three.
But 3 is not a whole number; it is called a 7adical. You can add a radical to a radi-
cal, or a number to a number, but you can't combine a number and a radical. Just as
2X +5X=7X,3+8=11,and 2X + 5 = 2X + 5, 50 4y3 + V3 = 5V3 and
3+ 8=13+8.
However, you can add 2 + {9 because you can change the square root of nine

to a whole number, three, and 2 + 3 = 5S.

Example 1 1V2+2J2=3Y2

Just as X is the same as 1X, so J 2 is the same as 1 "E

Example 2 645 - 25 = 445

You can't combine these

Example 3 63 +2J5=6V3+2V5 terms, because they
aren't the same kind.
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Multiplying and Dividing Radicals - You can also multiply and divide

radicals. Here are some examples:

Example 4
\/7 X \/E = V42

Using what we know of perfect squares, we can estimate that the
square root of 7 and the square root of 6 are between the square roots
of 4 and 9, so they must be between 2 and 3.

J7 x 7 = Va9

J7 x V6 = Va2

J6 x V6 =36

(~2.645)(~2.449) = (=6.48)
The calculator says approximately 2.645 for the square root of 7
and 2.449 for the square root of 6. The answer should be between

those two square roots. The calculator approximates 6.48, which is
what we expect.

Example 5
23 x 445 =@ x 43 V5)=8415
Multiply numbers by numbers, and radicals by radicals.

Example 6

%=\/7 This is true because \/_7_X \/§= \/E

LESSON 17 - RADICALS




This material is not difficult, but it is different. It may take some time to get
comfortable with it. The next section on simplifying radicals is perhaps the most

difficult of all.

Simplifying Radicals - Simplifying radicals is similar to reducing fractions.
You are looking for ways to reduce the large number in the radical sign by bring-
ing out a whole number factor. We can separate a radical into factors. The key is
to choose a factor that is a perfect square, such as 4, 9, 16, 25, etc. These are the
only factors that may be transformed into whole numbers instead of being left as
radicals. In example 7, there are other possible factors, but only\/? will become a
. whole number.

Ja =2 J16 = 4 V36 =6
Jo =3 J25 =5 Jag =7

Example 7

V12 =\/? \/—6_=\/]2 This hasn't been simplified.
V12 =\/Z \/—?: = Zx/g This has been simplified because \/Z =2

+ Only perfect squares shed their image and become normal numbers.

Example 8

V18 =\/-§ \[€= V18 This hasn't been simplified.
V18 =\/§\/‘= 35 This has been simplified because \/5= 3.




Finding Square Roots with a Calculator - Even though we are treating
J2 and other radicals as units by themselves, they do represent a value. Even
though we can’t get an exact value, there are decimal numbers that when squared
give you approximately two, three, etc.

Using a calculator, enter two, and then push J  the button. The calculator
should give you a long decimal number, approximately (=) 1.41. Next, square this
number, and your answer should be approximately two. Check your answers by
converting the radicals to decimals, and then approximating the answer.

Example 9 |
V18 =\/5 \/—= 3\/3 This has been simplified.
4.24 ~ 3.00 x 1.41 This is the same problem

using decimal values.
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Pythagorean Theorem

Right Triangle - Figure 1 shows a right triangle. There are three sides. The
two sides that join to form the right angle are called the legs. You can remember this
by the letter “L” for “Leg.” The letter “L” makes a right angle. Besides the two legs,
there is the longest side, which is called the hypotenuse; the longest word and the

longest side.

Figure 1
Leg Hypotenuse

Leg

Pythagorean Theorem - The most familiar right triangle is the 3-4-5 right
triangle. Figure 2 is a picture of this triangle showing the Pythagorean theorem,

which is “leg squared plus leg squared equals hypotenuse squared.”

PYTHAGOREAN THEOREM - LESSON 18
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Figure 2

2
T 52 = 25
5
Leg2 - Leg2 = Hypotenuse2
32+ 4% =752
9+ 16 =25
25 =25

4° =16
Converse of Pythagorean Theorem - If you have a right triangle, then the
Pythagorean theorem works. The converse is also true: if “leg squared plus leg
squared equals hypotenuse squared,” then the triangle is a right triangle. Is a
6-8-10 triangle a right triangle? Yes, because 6> + 8% = 10%. (36 + 64 = 100)
The examples show how to use this theorem to find the unknown side of a
right triang]e.

Example 1
Leg2 + Leg2 = Hyp2
H 62 + 72 = H?
6 36+ 49 = W2
85 = H?

5 J85 ={H?
J85=H

Example 2
L 324 12= 8?2
9+L%=64
3 L2=55

8 Ji%= 55
L=y5§
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LESSON 19

More on Radicals

%
L4

. radicals. But there are “radical” radicals that live in places they shouldn’t, namely,

Radicals in the Denominator - Up to this point, we've been dealing with normal

in the denominator. Only whole numbers are permitted in the denominator. In
the example of J2 , we need to multiply V2 by something to make J2 a whole
number. The easiest factor to choose is v2 . But we can’t randomly multiply the de-
nominator by something, because doing that would change the value of the frac-
tion. If we multiply the numerator by the same factor, then we are multiplying by
J2/2 , which equals one. Now the radical is in the numerator, which is accept-
able, and the denominator is occupied by a whole number, which is also accept-

able. Look this over carefully and consider the next four examples.

Example 1 Jxﬁz7ﬁz7ﬁ

: Vi e s 2
E le 2 _§=_3X£=3ﬁ:3f§
xample i i e
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Example 3a

\ You can do

example 3
/twoways.
4 4X\/_8=4\/73=
8 V8 J8 64
avav2_ax2J2_8V2_/3
8 8 8

In example 3, it was easier to multiply by\/—i ; either way produces the same
answer.

Example 4

L B & pieade gy 5B aleske
oo o e Aol 12
NN I e E
2 3 3 2 6 6 6

In example 4, first eliminate the radical in the denominator, and then solve by

finding the common denominator.
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